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We study possible quantum states of two correlated electrons in a two-dimensional periodic po-
tential and find a metastable energy band of electron pair between the two lowest single-electron
bands. These metastable states result from interplay of the electron-electron Coulomb interaction
and the strength of the crystal potential. The paired electrons are bound in the same unit cell
in relative coordinates with an average distance between them about one third of the crystal pe-
riod. Furthermore, we discuss how such electron-pairs can possibly be stabilized in a many-electron
system.
PACS numbers: 73.21.-b, 73.21.Cd, 71.10.Li
I. INTRODUCTION
Electron pairing in a crystal has always been an interesting subject of study in quantum solid-state physics. The
most remarkable pairing of electrons is Cooper pair in superconductors[1], mediated by lattice distortions. Electron
pairing may also occur through strong electron-phonon coupling forming the so-call bipolaron.[2–4] On the other hand,
experimental observation of the pairing of ultracold rubidium atoms in an optical lattice[5], where the binding arises
from pure quantum interference, has stimulated many theoretical and experimental investigations about bound pair
in strongly correlated systems in periodic potentials. Quantum states of two interacting electrons with short-range
interactions and possible electron paring have been studied both in one-dimensional[6–9] and two-dimensional[10, 11]
periodic potentials. Very recently, by a semiclassical analysis of Bloch oscillations of two electrons interacting through
a Coulomb potential in a biased crystal lattice, Gaul et al.[12] found that they may form a bound pair if the energy
of the relative motion exceeds the upper band edge.
In this work, we will study the quantum states of two correlated electrons in a two-dimensional (2D) periodic
potential from a different point of view. We observe that, in fact, localized individual electron pairs have been studied
in many different quantum units such as the negative hydrogen ion H−, helium atom[13–15], as well as two-electron
quantum dot[16] and negatively charged donor center (D−)[17] in solid state environment. Electron-electron exchange
and correlation are essential in the formation of these electron-pair states. The quantum state of the electron pair
such as that of H− is different in its nature from the single-electron state of the H atom.[15] The locality of the
electron correlation is essential in the H− and D− states where the correlation of two localized electrons reduces
greatly the Coulomb repulsion[14]. The electron-pair state localizes closely to the positive charge of the nuclear and
do not form a valence with other atoms. In contrast, the bonding (and antibonding) states originating from the single-
electron states are fundamental in the formation of a molecule. It is well known that in a crystal the single-electron
energy levels of periodically organized individual atoms form energy bands. Then the question is, when those basic
quantum units with strongly correlated electron pairs are organized into a periodic structure such as a crystal or a
superlattice, where are the corresponding quantum states of the electron pairs? Generally, one believes that, due
to strong electron-electron repulsion, these localized states of individual electron pairs cannot survive in a periodic
crystal or a superlattice. In the following we show that there may exist a metastable energy band of electron pair in
a 2D crystal resulting from the electron-electron Coulomb interaction and crystal periodic potential.
II. THEORETICAL FORMULATION
Our idea is to try to find out the counter part of the individual H− (or D−) electron-pair states in a 2D periodic
potential. First of all, we should remember that in 2D the energy of a neutral H atom (with a single electron) is
EH = −4 Ry and that of a H− (with two electrons) is EH− = −4.48 Ry.[15, 17] It means that an isolated H− is
more stable than a single H atom plus one free electron of zero energy (which is the reference for energy). The
energy difference of −0.48 Ry is the binding energy of the H− state in 2D. However, if we consider many H− or
many D− centres (e.g., periodically organized) in a system, the measure should be the total energy of the system, or
∗ E-mail: hai@ifsc.usp.br
2equivalently, the average energy per electron. Then the energy difference between the H− and H states in 2D is given
by EH
−
/2− EH = −4.48/2 + 4 = 1.76 Ry. It indicates that in this case the H− state is of higher energy than the H
state.
We intend to calculate the two-electron states in a periodic potential. For simplicity, we consider a 2D periodic
potential such as V (x, y) = V0[cos(qx)+cos(qy)], where q = 2π/λ, λ is the period, and V0 is the amplitude of the crystal
potential. The single-electron states are well known in this potential. The Schro¨dinger equation for a single electron
is given by H0ψk+Gl(r) = El,kψk+Gl(r), with H0 = −∇2 + V (x, y), where k is the wavevector in the first Brillouin
zone, l is the band index, and Gl = lxqi + lyqj (with lx, ly = 0,±1,±2, ...) is the reciprocal-lattice vector; El,k and
ψk+Gl(r) are the eigenvalue and eigenfunction, respectively. Here the length and energy are measured in units of the
effective Bohr radius aB and effective Rydberg Ry = ~
2/2mea
2
B, respectively. For a crystal with effective electron mass
me = 5m0 and static dielectric constant ǫ0 = 30, one obtains aB = 3.17 A˚ and Ry = 75.6 meV = 0.0756 eV. When we
consider two electrons in this periodic potential, their Hamiltonian is given byH = H0(r1)+H0(r2)+2/|r1−r2|. Before
solving the corresponding Schro¨dinger equation, we should bear in mind that, due to electron-electron repulsion, the
ground state of this system can be found for |r1 − r2| → ∞. In other words, the ground state of two electrons in this
system corresponds to two non-interacting single particles separated by an infinitely long distance. However, in a real
system the electron density is not zero and, consequently, the distance between two electrons is finite. Therefore, we
intend to solve the relevant equation for two electrons as a function of the distance between them. The idea is to
try first to find any possible metastable states of electron pairs due to the competition between the electron-electron
interaction and the 2D crystal lattice potential. Then we will study the stability of the electron pairs.
We now introduce the center of mass and relative coordinates, R = 12 (r1 + r2) = (X,Y ) and r = r1 − r2 = (x, y),
respectively. The two-electron Hamiltonian becomes
H = −1
2
∇2R − 2∇2r +
2
r
+ 2V0 [cos(qX) cos(qx/2) + cos(qY ) cos(qy/2)] . (1)
This Hamiltonian is periodic in X and Y with period λ. We can choose a Bloch wavefunction in the center-of-mass
coordinates. As to the function in the relative coordinates r, we have to consider the symmetry of the electron-electron
Coulomb potential and the periodic potential representing a 2D square lattice. We use the following basis for our
trial wavefunction,
ψlx,ly ;n,m(R, r) =
1√
A
ei(k+Gl)·RRn,m(r)φm(θ), (2)
with
Rn,m(r) = βcn,m (2βξnr)
m
e−βξnrL2mn−m(2βξnr), (3)
and
φm(θ) =
1√
bmπ
cos(mθ), (4)
where n = 0, 1, 2, · · · , m = 0, 1, 2, · · · , n, ξn = 2/(2n + 1), cn,m =
[
2ξ3n(n−m)!/(n+m)!
]1/2
, b0 = 2, bm = 1 for
m ≥ 1, and L2mn−m(x) is the generalized Laguerre polynomial. The function Rn,m(r) is taken from the wavefunction
of a 2D hydrogen atom[18] with a modification introduced by a dimensionless scaling parameter β. It satisfies the
following orthogonality relation[19], ∫
∞
0
rdrRn′ ,m(r)Rn,m(r) = δn,n′ . (5)
The two-electron wavefunction can be written as
Ψk(R, r) =
∑
lx,ly
∑
n,m
alx,ly ;n,m(k)ψlx,ly;n,m(R, r). (6)
Considering the antisymmetry of the electron wavefunctions with spin states, we find that the two-electron wavefunc-
tions of the singlet and triplet states are given by the above expression with the sum over even m and odd m only,
respectively. Here we are especially interested in the singlet states.
Using Eqs. (1), (2), and (6) we obtain the matrix eigenvalue equation∑
l′x,l
′
y
∑
n′,m′
〈lx, ly;n,m|H |l′x, l′y;n′,m′〉al′x,l′y ;n′,m′(k)
= Epair
k
alx,ly ;n,m(k). (7)
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FIG. 1: (a) The two lowest eigenvalues of spin singlet states at k=0 as a function of β for λ = 1.5 aB and V0 = 12, 15, and
18 Ry. The solid (dotted) curves indicate the lowest (second lowest) eigenvalue. (b) The average distance 〈r〉 between the
two electrons as a function of β for k=0, λ = 1.5 aB and V0 = 15 Ry. (c) The electron radial probability densities in relative
coordinates for different β given in the inset (the corresponding 〈r〉 are shown in (b) by the dots). (d) A diagram in the (V0, λ)
plane showing where a metastable state of an electron pair exists. Γ, X and M indicate different points in the first Brillouin
zone.
III. NUMERICAL RESULTS AND ANALYSIS
We solve Eq. (7) as a function of β looking for local minima in the lowest eigenvalue. The parameter β plays
an important role when solving this equation because it determines the average distance between the two electrons
〈r〉. For fixed β we can obtain a full set of eigenvalues and eigenfunctions. Consequently, the average distance 〈r〉
between the two electrons can be calculated. The eigenvalue of Eq. (7) has to converge upon increasing the size of
the matrix up to a maximum n = nmax and maximum lx = ly = lmax. We find that, for fixed period λ, the lowest
eigenvalue of the two coupled electrons in the 2D periodic potential develops a local minimum when V0 is larger than
a certain value. Figure 1(a) shows the two lowest eigenvalues of spin singlet states at k=0 (the Γ point) as a function
of β for λ = 1.5 aB and V0 = 12, 15, and 18 Ry. These curves converge at nmax = 8 and lmax = 4 within an error
of 10−3. We have checked the calculations with nmax = 18 and lmax = 6 and the obtained results do not basically
change. For small β the eigenvalues are almost zero because the two electrons are not bound. Upon increasing β a
local minimum is found in the lowest eigenvalue. For large β, beyond a local maximum eigenvalue, the eigenvalue
decreases as expected because the ground state of the system is the single-particle state for r→∞. We have checked
the calculation for very large β. In this case the lowest eigenvalue approaches an energy value twice the eigenvalue
of a single-electron plus the Coulomb repulsion 2/〈r〉. We now consider the case of λ = 1.5 aB and V0 = 15 Ry for
a more detailed analysis. In Fig. 1(b), we plot 〈r〉 as a function of β at k=0 around the local minimum eigenvalue
(1.70 > β > 0.48). The minimum of the lowest eigenvalue E=-8.35716 Ry is found at β = β0 = 0.9084 with 〈r〉0
=0.5474 aB. A minimum average distance is found at β = 1.1885 with value 〈r〉min = 0.4427 aB. Figure 1(c) shows
the corresponding electron radial probability density in relative coordinates for k=0 and β = 0.5, 0.9084, 1.1885, and
41.5.
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FIG. 2: Dispersion relations of the electron-pair and single-electron states for λ = 1.5 aB and V0 = 15 Ry.
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FIG. 3: Dependence of (a) EpairΓ /2 (solid curves) and E
single
M (dashed curves) and (b) the energy gap Eg on V0 for different λ.
These results show that there exists a metastable state of an electron pair with energy equal to the minimum
eigenvalue found at β0. The two electrons are localized in the same unit cell in relative coordinates and the average
distance between them 〈r〉0 is about one third of the period λ. For λ = 1.5 aB we find 〈r〉0 =0.5474 aB. Starting from
β0 and decreasing β, the radial probability density becomes broader and the corresponding eigenvalue increases. On
the contrary, with increasing β from β0, 〈r〉 first decreases until a minimum value 〈r〉min is reached, where we obtain
the narrowest radial probability density and the Coulomb repulsion between the two electrons is greatly enhanced.
The eigenvalue of the electron pair increases as well. As β increases further, one of the electrons is pushed into the
nearest-neighbour unit cells as it can be deduced from Fig. 1(c). In this case a local maximum in the lowest eigenvalue
appears where the two lowest eigenvalues approach each other.
We understand this metastable state as a manifestation in the periodic potential of the electron-pair states existing
in some individual atoms or ions,[13, 14], such as the negative hydrogen ion H−. It is the result of strong electron-
electron correlations and local confinement in each unit cell of the 2D crystal potential. The metastable state appears
when the potential amplitude V0 is larger than a certain value for fixed period λ. In Fig. 1(d) we show in the (V0, λ)
plane where this metastable electron pair can appear. We find that at the M points (kx=±q/2, ky=±q/2) this local
5minimum appears at smaller V0 (λ) than at the Γ point for a fixed λ (V0). It means that a pair of short wavelengths
is easier to form than that of long wavelengths in the crystal. For smaller V0 (or λ), this metastable state cannot
survive when the Coulomb repulsion overcomes the electron-electron correlation and local electron confinement from
the 2D potential.
Fig. 2 shows the dispersion relation of this metastable pair, for λ = 1.5 aB and V0 = 15 Ry, together with the two
lowest single-electron bands. In order to better compare with the single-electron energy, the energy of the electron-
pair is given by its value divided by 2, i.e., the energy per electron. The electron-pair band remains above the lowest
single-electron band. Their difference will be shown in the next figure. Similarity between dispersion relations of the
electron-pair band and the lowest single-electron band is due to the two paired electrons are closely bound in real
space with a separation much less than the lattice period.
In Fig. 3(a) we plot the energy per electron of the metastable pair at the Γ point (EpairΓ /2) as a function of V0 for
different λ. We also show the maximum energy EsingleM at the M point of the lowest single-electron band. We define
the difference between these two energies as an energy gap, Eg = E
pair
Γ /2 − EsingleM , and plot it in Fig. 3(b). The
energy gap Eg is typically a few Ry.
IV. DISCUSSION AND SUMMARY
So far we have obtained the single-particle states in the system as shown in Fig. 2, i.e., the single-electron and
single electron-pair states. For a 2D periodic potential of given V0 and λ, we can obtain the energy and wavefunction
of the electron pair, and consequently, the pair-pair and pair-electron (and pair-hole) interaction potential can also be
calculated. In the following, we will consider the case in which many electrons are presented in the system. We assume
the lowest single-electron band as the valence band with an electron filling factor νe. For νe < 1 we can understand
that holes are presented in the valence band with a hole filling factor νh = 1 − νe. When electrons appear in the
electron-pair band, we reach a many-particle system consisting of electron pairs in the Γ valley of the electron-pair
band and holes in the M valleys of the valence band. Many-particle interactions renormalize the total energy of the
system and also reduce the energy gap Eg. If the band-gap renormalization due to electron-pair and hole interactions
leads to a negative energy gap, in other words, if the renormalized Γ valley of the electron-pair band becomes lower
than the renormalized M valley of the valence band, the electron-pairs in the Γ valley can become stable. Band-gap
renormalization (BGR) has been extensively studied in nonlinear optics of semiconductors, where one deals with an
electron-hole plasma. In this case, the BGR is given by a sum of electron and hole self-energies and is a function of the
interparticle distance rs and temperature.[20, 21] In a 2D electron-hole system at zero temperature, for instance, the
BGR is about 8Ry at rs = 1.[20] For a high density electron-hole plasma the BGR is mainly induced by the Coulomb
repulsion among the particles (the Coulomb hole effect). The mechanism of the BGR in our present electron-pair-hole
system should be similar. Therefore, we believe that the BGR in our system should be of similar value as that in the
electron-hole plasma. The metastable electron pairs can be stabilized in a many-particle system. This is a task for
our future study.
On the other hand, the boson-fermion model[2, 3, 22] as well as two-dimensional charged boson fluids[23] with
artificially introduced bosons considered as point charges have been extensively studied over the last few decades.
From the electron-pair (boson) states obtained in this work, we can calculate the pair-pair and pair-hole interaction
potentials. Consequently, one can study the ground-state properties of the present narrow-gap and multi-valley boson-
fermion system with electron pairs and holes. A progress is that now the bosons (i.e., the electron pairs) are obtained
from the crystal band structure and they are not point charges.
In conclusion, we have obtained an electron-pair energy band in a two-dimensional crystal. The electron-pair states
are metastable in the absence of other electrons in the system. The two correlated electrons are bound in the same unit
cell in relative coordinates with an average separation about 1/3 of the period λ of the crystal potential. Furthermore,
we have discussed the possibility that the electron pairs can be stabilized in a many-particle system with electron
pairs and holes. From this point of view, present work could provide an interesting platform for studying 2D charged
boson-fermion fluids. The present calculations can also be carried out for a three-dimensional system.
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